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Equations 3.1 through 3.15 are all that’s necessary to solve
any kinemetric and dynamics problem in nonorthogonal
coordinates. These equations are also very useful in solving
inertial guidance problems using nonorthogonal sensors.

4.0 Specialization to Orthogonal Coordinate Systems

The use of orthonormal coordinate bases has many practical
advantages when the problem permits such use. It will be
seen that this case permits key simplifications to be made to
the two fundamental matrix operations defined in the previous
section since the reciprocal basis for a orthonormal set is it-
self. Hence all the equations derived previously can be used
by noting that ¢ = 1, (84) == (84™).

Aﬁpendix A: Rotational Problems in Nonorthogonal Basis

Lets assume that we have a rotating satellite in space,
where the rate gyros, and thrusters (moment generators) are
located in two different nonorthogonal bases A and B, re-

spectively. Further, lets assume that the inertial tensor I is
given in yet another basis say C. It is desired to find the
dynamic equation (differential equation) governing the time
history of the gyro outputs.

I = (20)7[Ic}(Zc) (inertial tensor) (A1)
M = (25)7(Ms)
@ = (wa)7(2a)

Now, we can proceed to solve the dynamic problem

i

(torque equation) (A2)
(angular velocity) (A3)

H=1Ia&
(20)T I c}(%0) * (84™) 7 (wa)
@) [Tcalcl[Teal(wa)
(24)7(ha™) (A4)
Applying the 2nd law of Newton, we have
dH/dt = (4)T[(ha*) + ca[Taxal[®a*]a(ha™®)]
= (€)T[(ha*) + ca*[@a)alTa4*1(ha*)]
= M = (¢s)T(M5) (A5)
Finally, we have the desired nonlinear differential equation
(ha*) + ca*[@ala[Taax1(ha*) = [T5a]7(M3) (A6)

([

II>

where
(ha*) £ [Teal?c][Teal(wa)

Admittedly, Eq. (A6) is still rather complicated, but it is no
more difficult to solve than any other coupled nonlinear 1st
order equations. The purpose of this problem is to illustrate
how a seemingly very difficult problem can be attacked syste-
matically using the techniques outlined in this paper.

Appendix B: Some Basic Relationships in Nonorthogonal
Coordinate Systems

Relationship between ¢ and ¢*
c2 (&) (&1 X &) £ Det[E]
= volume of parallelipiped formed by the vectors 2,8, (B1)

Note that the elements Ey, B, Ei; are the projections of &
onto any arbitrary orthogonal coordinate system.

c* £ (&%) (e* X &%) £ Det[H*]
Note that
[EE*] = [U]
~ Det[EE*] = Det[E]Det[E*] = ¢c* = 1
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Relationship between [w] and [w*]
Since
(84)- (€27 = [U]

Differentiating and rearranging, we have
_ c*
[@a*]a = . Taax[oa)aT aax (B2)

Relative Angular Velocities

The relative angular velocity between frame A and B ex-
pressed in frame A is

(@aB)a & (®a)a — (@8)a
o [@anla = [@4%]a — [@5*a B3)
where
[@p* 14T = (c8/ca)[T1e][@5* 167 [Te+al[T 84T 4a%]
= (c8*/ca)[Ta][Ts+}[@n]67 [T pallT 4a%]
(B4)
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Reissner’s Plate Equations in
Polar Coordinates

Y. C. Das* anp N. S. V. Kameswara Raot
Indian Institute of Technology, Kanpur, U. P., India

N a recent paper by Lehnhoff and Miller! the influence of
transverse shear on circular plates has been investigated
using a method suggested by Goodier. The resulting plate
equations in polar coordinates have been solved using Fourier
Analysis. In this Note, the effect of shear deformations on
circular plates is studied using Reissner’s theory. The plate
equations thus obtained in polar coordinates have been re-
duced in general, to the solution of equations governing the
lateral deflection and a stress function. Bending moments
and shear forces are expressed as functions of lateral deflection
and the stress function. As an example, complete solutions
are presented for a circular plate subjected to arbitrary lateral
load.
Equilibrium equations governing the bending of a plate in
polar coordinates are

dM,/or + (1/r)OM./08 +-
M, — Me)/r — Q. =0 (1)
OM,p/0r + (1/r)0Mp/00 + 2M,5/r — Qs = 0 @)
0Q./0r + Q:/r + (1/7)0Q/00 + q = 0 @
where ¢(r,0) is the lateral load acting on the plate. Reissner’s
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* Professor and Head, Department of Civil Engineering.
t Assistant Professor, Department of Civil Engineering.



1412 ATAA JOURNAL

CLASSICAL -=-—-
THEORY

REISSNER ——
| THEORY

Y=0-3

wE f10Pa —e

Fig. 1 Variation of w.

moment-curvature relations? are
h?0Qr vh? _
01 -»n?~
O%w 1 ow 10w

D{w + (“a"+‘sa)] @

h(10Qy , @\, _ vh*
Mo 5(7‘ 20 + )+10(1—u)q‘

1 ow 1 o%w o%xw
-D {75; t gt ‘a—] ©)
(1 2. | 2, @) _
r 0f r

Mr9

1 d%w 10w
~D{ +2) (7556 - rasa) ©
where D is the flexural rigidity and » is Poisson’s ratio.
Substituting Eqs. (4-6) into Eqgs. (1) and (2), force-dis-
placement relations are obtained as

By & 220
9 10(V2Q' 2 2 bH) +
B2 0
0@ ~nor =~ P T O

Qs — —(WQo Qﬂ + i%%) +

h* 1dg _ li 2
101 —») ro6 (Vi) - ®)
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Substitution of Eqs. (7) and (8) in Eq. (3) will result in an
equation governing the lateral deflection

DV:Vtw = g — (B/10)[@ — »)/(1 — »)IV?g  (9)

Eqgs. (7-9) have to be solved with proper boundary conditions
chosen from the following boundary equations:

along circumferential direction
M.-{(12/5)[(1 + v/Eh1Q, — dw/dr} = 0

Mo {(12/5)[(1 + 5)/ER]Qs — 0w/} = 0, Qo =0 0
along radial direction
My {12/D) + v/BRIQ = (/r)ow/os} =0

M- {(12/5)[(1 + »)/ER]Q, — dw/or} = 0, @p-w =0

Particular integrals of Eqs. (7) and (8), [if the solution of
Eq. (9) is known], are given by

Qs = —D(/or)(Viw) —
(#*/10)[@ — v)/(1 — »)]og/or (12)
Qe = —D(1/r)(0/26)(V?w) —
(#*/10n[@2 — »)/(1 — »)]0g/06 (12a)

Now, the homogeneous solutions of Eqgs. (7) and (8) are
obtained by a stress function F(r,d) such that

Qi = (1/r)OF/06; Qp = —OF/or (13)

Solutions given by Eq. (13) will satisfy the homogeneous part
of the equilibrium Eq. (3). Governing equation for F is
obtained by substituting Eq. (13) into the homogeneous part
of Egs. (7) and (8) as

VF — (10/R)F =0 (14)

The problem reduces to solving Egs. (9) and (14). The bend-
ing and twisting moments take the following form in terms of
Fandw

ht (1 0% 10F
Mf=3(7a7aa'ﬁsa)'l’
w? Ve e ]_
£(12 o+ 2, o
m2—\[_K(1d 124
l(](l-—v)[q 5<rbr+1‘2602)] (1)

R(1F 1OF .
(rbrbﬂ 7‘260) [Vw 1 =»X

ow o o, (2 - 2oy
ot " sor Y )] 10\1 = )[q 5ar2]"' (16)

R [(10% 0O 10F
Mﬁiﬁ(rzsrs* Ta—) D[“—”)X

1 o%w 10w Rl1 o
(Ta_ra?a" ﬁaa) Irbrbo (Ve ”75@”2“’)}]

R (2 —v\[h2[1 0% 1 9g
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10 (1 - v> |: 5 ( r orog  r? 00)] an
Considering a circular plate as an example, the lateral load
on the plate can be represented as Fourier expansion in 8

2
[VVZw Fa- v>%§ -

My=—=

qr,8) = 3, [gn(r) cosmb + Gn (r) sinmf) (18)
m=0
Solutions of Eq. (9) can be written in the form
w(r,8) = Y [Rn(r) cosmf + Ru(r) sinmb] + w,(r,0) (19)

m=0

where w,(r,0) is the particular integral of Eq. (9) and R.(r)
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is given by
= Ao + Byr? + C, logr + Dyr? logr (20a)
Ry = Ay + Byr® +4 Cir~ + Dyr logr (20b)
Rn = Aurm + Bur—™ + Cornt? 4 Dpr—m*2 (20c)

R.(r) is the same form as in Eqgs. (20) except for different
constants.
The solution of Eq. (14) will be in the form

F@g = i;o[Fm(r) sinm@ + Fn(r) cosmf) 21)

where F..(r) is given by

Fu(r) = Culn(Gr/h) + DuKn(Gr/h) (22)
where I, and K, are modified Bessel functions and
G = (10)1/2

F..(r) is of the same form except for different constants. The
six set of constants in Egs. (20) and (22) are obtained by
satisfying the appropriate boundary conditions along eircum-
ferential directions.

As a particular example, consider a circular plate, simply
supported alongr = a with a lateral load in the form

g = Pr cosf/a (23)
Boundary conditions in this case are
w=0;, M, =
(12/5)[(1 + »)/ER]Qs — (1/r)Ow/06 = 0
along r = a and the solutions should be finite at »r = 0. In
order to keep the solutions finite at r = 0, the constants C,
and D, in the express1on for Rl(r) in Eq. (20) and the constant

Dy in the expressmn for Fi(r) in Eq (22) are taken to be zero.
The remaining three constants in the expressions R; and F,

(24)

are determined by the conditions given in Eq. (24). Lateral
deflection and stress functions are given by
Pat r r2
Y= 102D + w[?( 1= 7) {(7 =
(3+v) f( %)}} cosf ... (25a)
Pq? a r .
F=— 21 {g (G’Z) I, (Gz)}smﬁ (25b)
where '
2
g (G—) = (26a)
"o aen(6tn-1) - (6% = o)
14 AL )= GEIO_ZII(Z—Z
f@a/g) = £[6[B — »)/Q — »)] +

(Ga/kI, — 2I)g] (26k)

In Egs. (26) the terms I, and I, are evaluated with the argu-
ment Ga/h, that is

Iy = Iy(Ga/h) and I, = [,{Ga/k) @n

Bending moments and shear forces are given by

M, ——((5+V)‘(1—(;,)+
hji(lf_lg?)—v v
ot |\ 2 51—V>E_

2 o Ga Gr a? o\ 1
gg [7710 (7;) -2 ;éll <Gﬁ>]})c080
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where the quantities “f”’ and “‘g’’ are given by Eqgs. (26).

In Egs. (28) and (25a) if the terms multiplied by %/a are
omitted, the expressions due to classical plate theory® can be
obtained.

Results are computed for values of h/a = 4, &, and § and
the computed values of w and My (obtained from the present
work) have been compared with the solutions from the classi-
cal theory in Figs. 1 and 2. It is observed in this example,
that the values of M,, @., and @ are not much affected by the
transverse shear. This may be due to the type of boundary
conditions? considered in this example.
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