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Equations 3.1 through 3.15 are all that's necessary to solve
any kinemetric and dynamics problem in nonorthogonal
coordinates. These equations are also very useful in solving
inertial guidance problems using nonorthogonal sensors.

4.0 Specialization to Orthogonal Coordinate Systems
The use of orthonormal coordinate bases has many practical

advantages when the problem permits such use. It will be
seen that this case permits key simplifications to be made to
the two fundamental matrix operations defined in the previous
section since the reciprocal basis for a orthonormal set is it-
self. Hence all the equations derived previously can be used
by noting that c = 1, (BA) ss (BA*).

Appendix A : Rotational Problems in Nonorthogonal Basis
Lets assume that we have a rotating satellite in space,

where the rate gyros, and thrusters (moment generators) are
located in two different nonorthogonal bases A and B, re-
spectively. Further, lets assume that the inertial tensor I is
given in yet another basis say C. It is desired to find the
dynamic equation (differential equation) governing the time
history of the gyro outputs.

/= (ec)T[Ic](ec) (inertial tensor) (Al)

M = (eB)T(MB) (torque equation) (A2)
co = (&A)T(eA) (angular velocity) (A3)

Now, we can proceed to solve the dynamic problem

H - J-«

Relationship between [w] and [iv*]
Since

(fc)-(6A*) r= [17]
Differentiating and rearranging, we have

= - TAA*[UA]ATAA*c (B2)

Relative Angular Velocities
The relative angular velocity between frame A and B ex-

pressed in frame A is

(UAB)A — (UA)A — (COB) A
.'. [$>AB]A = [COA*]A - [<*B*]A (B3)

where

(B4)
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= (eA)T(hA*) (A4)
Applying the 2nd law of Newton, we have

dH/dt = (eA)T[(hA*) + CA[TA*A][S>A*]A(hA*)]

= (eAn&A*) + CA*[&A]A[TAA*](hA*)]

= a = (1B)T (MB) (A5)

Finally, we have the desired nonlinear differential equation

&L*) + CA*[UA\A[TAA*}(hA*) = [TBA]*(MB) (A6)

where
= [TCA]*[Ic][TCA](uA)

Admittedly, Eq. (A6) is still rather complicated, but it is no
more difficult to solve than any other coupled nonlinear 1st
order equations. The purpose of this problem is to illustrate
how a seemingly very difficult problem can be attacked syste-
matically using the techniques outlined in this paper.

Appendix B : Some Basic Relationships in Nonorthogonal
Coordinate Systems

Relationship between c and c*
c=
= volume of parallelipiped formed by the vectors ei,e2,e3, (B 1)
Note that the elements En, En, Eu are the projections of l\
onto any arbitrary orthogonal coordinate system.

c* =
Note that

I • (ei* X e2*) =

[EE*] = [U]

Reissner's Plate Equations in
Polar Coordinates
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IN a recent paper by Lehnhoff and Miller1 the influence of
transverse shear on circular plates has been investigated

using a method suggested by Goodier. The resulting plate
equations in polar coordinates have been solved using Fourier
Analysis. In this Note, the effect of shear deformations on
circular plates is studied using Reissner's theory. The plate
equations thus obtained in polar coordinates have been re-
duced in general, to the solution of equations governing the
lateral deflection and a stress function. Bending moments
and shear forces are expressed as functions of lateral deflection
and the stress function. As an example, complete solutions
are presented for a circular plate subjected to arbitrary lateral
load.

Equilibrium equations governing the bending of a plate in
polar coordinates are

(Mr - Me)/r - Qr = 0 (1)

dr + (l/r)d7lVd0 + 2Mro/r - Qe = 0 (2)

fcQr/dr + Qr/r + (l/r)&Q,/d0 + q = 0 (3)
where q(r,d) is the lateral load acting on the plate. Reissner's
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Fig. 1 Variation of tv.

moment-curvature relations2 are
vh*

5 dr ^ 10(1 - p)

Qr

1 1 5Ho

vh*
10(1 -

Ibt

where D is the flexural rigidity and j' is Poisson's ratio.
Substituting Eqs. (4-6) into Eqs. (1) and (2), force-dis-

placement relations are obtained as

Substitution of Eqs. (7) and (8) in Eq. (3) will result in an
equation governing the lateral deflection

= q - (&2/10)[(2 - ir)/(l - v)]V*q (9)

Eqs. (7-9) have to be solved with proper boundary conditions
chosen from the following boundary equations :
along circumferential direction

Mr- {(12/5)[(1 + v/Eh]Qr -
M*- {(12/5) [(1 + v)/Eh]Q9 -
along radial direction

v/Eh]Q9 -
re- {(12/5) [(1 + v)/Eh]Qr -

0
0, Qr-w = 0

0
= 0, Q$«w = 0

(10)

(ID

Particular integrals of Eqs. (7) and (8), [if the solution of
Eq. (9) is known], are given by
Qrp = -

Qof = -
<*V10)[(2 - (12)

(AV10r)[(2 -
Now, the homogeneous solutions of Eqs. (7) and (8) are

obtained by a stress function F (r , &) such that
Qrk (13)

Solutions given by Eq. (13) will satisfy the homogeneous part
of the equilibrium Eq. (3). Governing equation for F is
obtained by substituting Eq. (13) into the homogeneous part
of Eqs. (7) and (8) as

0 (14)

The problem reduces to solving Eqs. (9) and (14). The bend-
ing and twisting moments take the following form in terms of

I0\l-v

N v,
" v) x

10 \l - vj [_ 5 \
(17)
^ '

Considering a circular plate as an example, the lateral load
on the plate can be represented as Fourier expansion in 6

(18)

Solutions of Eq. (9) can be written in the form

where wp(r,9) is the particular integral of Eq. (9) and Em(r)
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is given by
R0 = Ao + £0r2 + Co logr + D0r2 logr (20a)
El = Air + BIT* + dr"1 + Dp logr (20b)

Rm = Amr™ + Bmr~™ + Cmrm+z + Dmr--+2 (20c)
Rm(r) is the same form as in Eqs. (20) except for different
constants.

The solution of Eq. (14) will be in the form

where Fm(r) is given by
F»(r) = CmIm(Gr/h) + DmKm(Gr/h) (22)

where /m and Km are modified Bessel functions and
G = (10)1'2

Fm(r) is of the same form except for different constants. The
six set of constants in Eqs. (20) and (22) are obtained by
satisfying the appropriate boundary conditions along circum-
ferential directions.

As a particular example, consider a circular plate, simply
supported along r = a with a lateral load in the form

q = pr cos0/a (23)

Boundary conditions in this case are

w = 0; Mr = 0;

(12/5) [(1 + v)/Eh]Q$ - (l = 0
(24)

along r = a and the solutions should be finite at r = 0. In
order to keep the solutions finite at r = 0, the constants Ci
and Di in the expression for Ri(r) in Eq. (20) and the constant
Si in the expression for Fi(r) in Eq. (22) are taken to be zero.
The remaining three constants in the expressions EI and Fi
are determined by the conditions given in Eq. (24). Lateral
deflection and stress functions are given by

w = 192D(3

where

- - - (25a)
(25b)

(26a)

f(Ga/g) = f [6[(3 - v ) / ( l - „)] +
(Go/Wo - (26W

In Eqs. (26) the terms J0 and /i are evaluated with the argu-
ment Ga/h, that is

7o = It(Ga/K) and /i = h(Ga/h)
Bending moments and shear forces are given by

""

(27)
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where the quantities "/" and "g" are given by Eqs. (26).
In Eqs. (28) and (25a) if the terms multiplied by h/a are

omitted, the expressions due to classical plate theory3 can be
obtained.

Results are computed for values of h/a = ^-, -J-, and -g- and
the computed values of w and Me (obtained from the present
work) have been compared with the solutions from the classi-
cal theory in Figs. 1 and 2. It is observed in this example,
that the values of Mr, Qr, and Qe are not much affected by the
transverse shear. This may be due to the type of boundary
conditions4 considered in this example.
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